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Abst rac t - -We introduce the notion of an essential map for DKT, Pl-compact, weakly DKT, 
and weakly closed maps. The ideas involved are elementary and rely on Urysohn's Lemma nd the 
"appropriate" Schauder fixed-point theorem for the maps involved. (~) 1999 Elsevier Science Ltd. 
All rights reserved. 
1. INTRODUCTION 
In this paper, we introduce the notion of an essential map for a variety of new classes of maps. 
In particular we show that if F is essential and F -~ G then G has a fixed-point. The notion 
of an essential map was introduced by Granas [1] in 1976 for continuous, compact single valued 
maps. This notion was extended later to other classes of maps; see [2-5] and their references. 
In Section 2, we introduce the notion of an essential map for lower semicontinuous type maps, 
namely DKT maps [6,7]. This seems to be the first time that such a notion has been presented for 
maps of this type. Using our definition of an essential DKT map we are able to prove a variety 
of fixed-point heorems for DKT maps. In Section 3, we introduce the notion of an essential 
map for Pl-compact single and multivalued maps [8-12]. A new theory will be presented which 
can be substituted for the degree theory formulation in [8-12]. The proofs given are elementary 
and rely only on Urysohn's Lemma and the analogue of Schauder's fixed-point heorem for P r  
compact maps. Section 4 presents an essential map theory for maps which are either of weakly 
lower semicontinuous type or of weakly upper semicontinuous type. In addition, new fixed-point 
theory will be presented in Section 4. 
We now gather together some concepts which will be needed in this paper. Let Z and W be 
subsets of Hausdorff topological vector spaces Y1 and Y2 and let F be a multifunction. We say 
F E DKT(Z,  W) if W is convex and there exists a map B : Z --* W with co (B(x)) C F(x) for 
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all x • Z, B(x) # @ for each x • Z and the fibres B-I(y)  -- {z : y • B(z)} are open (in Z) for 
each y • W. 
THEOREM 1.1. (See [6].) If Z is paracompact, W is convex and F • DKT(Z,W),  then there 
exists a continuous election (single valued) f : Z ~ W of F. 
Let (Y, d) be a metric space and let 12y be the bounded subsets of Y. The Kuratowskii measure 
of noncompactness i  the map a : ~y  ~ [0, oo] defined by (here A • f}y), 
a(A) = inf {r  > O : A C- O Ai and diam(A') <- r}  
Let S be a nonempty subset of Y and suppose G : S --* 2 y (here 2 Y denotes the family of 
nonempty subsets of Y). Then 
(i) G : S --* 2 y is k-set contractive (here k _> 0) if a(G(D)) <_ ka(D) for all nonempty, 
bounded sets D of S, and 
(iN) G : S -* 2 Y is condensing if G is 1-set contractive and a(G(D)) < a(D) for all bounded 
sets D of S with a iD  ) = 0. 
Let ~E be the bounded subsets of a Banach space E and let K w be the family of weakly 
compact subsets of E. Also let B be a closed unit ball of E. The De Blasi measure of weak 
noncompactness i  the map w : 12E ~ [0, c~], defined by (here D E 12E) 
w(D) = inf {t > 0 : there exists P • K 'v with D C_ P + t B}.  
Suppose F : A C_ E ~ 2 E maps bounded sets into bounded sets. We call F a k w-contractive 
(here k _> 0) map if w(F(D)) <_ k w(D) for all bounded sets D C_ A. 
2. MAPS OF LOWER SEMICONTINUOUS TYPE  
In this section, we introduce the notion of an essential DKT map. This, to our knowledge, is 
the first time such a notion has been presented for maps of this type. Moreover, we show how 
one can use the idea of an essential map to obtain fixed-point theory for DKT maps. 
Throughout his section E will be a Fr~chet space, C a convex subset of E and U an open 
subset of C. 
DEFINITION 2.1. F • DKTM(U, C) if F • DKT(U, C) is a condensing map with F(U) a 
bounded set in C; here U denotes the closure of U in C. 
REMARK 2.1. Notice Theorem 1.1 guarantees that F has a continuous election f : U --* C. 
DEFINITION 2.2. We let F • DKTMou(U,C) if F • DKTM(U,C) with x ¢ F(x) for x • OU; 
here OU denotes the boundary of U in C. 
DEFINITION 2.3. We say f • CCB(U, C) if f : U -* C is single valued, continuous, condensing 
with f (U)  a bounded set in C. 
DEFINITION 2.4. A map F • DKTMou(U, C) is essential if for any continuous selection f : U -~ 
C o fF  there exists xg • U with xg = g(xg) for every g • CCB(U, C) with x # g(x) for x • OU 
and glov = .flov. 
THEOREM 2.1. Let E be a Frdchet space, C a convex subset of E, U an open subset of C, and 
0 • U. Suppose F • DKTMav(U, C) is essential and let f : U --* C be a continuous election 
o fF  (guaranteed from Theorem 1.1). Suppose h : U x [0, 1] --* C is a continuous map with the 
following properties: 
m 
h(x, O) = f(x), for x • U, (2.1) 
x#ht (x ) ,  fo ranyxeOU andte  (O, 1] (hereht(z)=h(x, t ) ) ,  (2.2) 
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and 
for any continuous # :U  --. [0, 1] with #(OU) = O, the map 
r~, : -U --* C defined by r~,(x) = h (x, I~(x)) is in CCB ('U, C) .  (2.3) 
Then hi has a fixed point in U. 
PROOF. Let 
B = {x ~ -U: x = ht (x) for some t e [0, 1]}. 
When t = 0 we have h0 = f and since F ~ DKTMou(U, C) is essential, there exists x E U with 
x = f(x) .  Thus, B # 0. The continuity of h implies B is closed. In addition, (2.2) (together with 
F ~ DKTMou(U, C), i.e., x ¢ F(x) for x ~ OU implies x # f (x)  for x E OU) implies BnOU = 0. 
Thus, there exists a continuous # : U ~ [0, 1] with #(OU) = 0 and #(B) = 1. Define a map 
r :U~Cby 
r(x) = h (x, #(x)) .  
Now r e CCB(U,C) by (2.3). Moreover for x E OU, r(x) = ho(x) = f (x )  # x and also 
r[ou = ho[ou = f[ou. Now since F E DKTMov(U,C)  is essential there exists x E U with 
x = r(x) (i.e., x = hg(x)(x)). Thus, x E B and so #(x) = 1. Consequently, x = hi (x) and we are 
finished. I 
We now use Theorem 2.1 to obtain a nonlinear alternative of Leray-Schauder type for DKT 
maps. First, however, recall the following well-known result from the literature [1,13]. 
THEOREM 2.2. Let E be a Frdchet space, D a nonempty, closed, convex subset of E and J E 
CCB(D, D). Then J has a fixed point in D. 
THEOREM 2.3. Let E be a Frdchet space, C a closed convex subset orE,  U an open subset of C 
and 0 E U. Suppose G E DKTM(U, C) with 
x C tG(x) ,  for x ~ OU and t E (O, 1). (2.4) 
Then G has a fixed point in U. 
PROOF. We assume x ¢ G(x) for x ~ OU (otherwise we are finished). Then 
x q~ t G(x), for x E OU and t E [0, 1]. (2.5) 
Let g : U ~ C be a continuous election of G, guaranteed from Theorem 1.1. Let h(x, t) = tg(x) 
for (x, t) E U x [0, 1] and F(x) = {0} for x e U (note f (x)  = 0 for x E U). We wish to apply 
Theorem 2.1. Clearly, (2.1) and (2.2) hold. Note, r~(x) = #(x) g(x) and r~(n) _c co (g(f~) u {0}) 
for any f~ C_ U. Now, since G is a condensing map with G(U) a bounded set in C, we have 
r~, E CCB(U, C), and so (2.3) is true. We can apply Theorem 2.1 if we show F is essential. Let 
e CCB(U, C) with x ~ 0(x) for x E OU and O[ov = f[ov = 0. We must show that there exists 
x E U with x = 9(x). Let D = ~-6 (0(U)) and let J : D --* D be defined by 
w 
re(z), zeU, 
J (x) 
o, xq~ U. 
Now 0 E D and J E CCB(D, D). Theorem 2.2 implies that there exists x E D with x = J(x). 
Now if x ~ U we have 0 = J(x) = x, which is a contradiction since 0 E U. Thus, x E U, so 
x = J(x)  = O(x). Hence, F is essential and we may apply Theorem 2.1 to deduce that hi = g 
has a fixed point. Consequently, G has a fixed point. I 
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3. MAPS OF  UPPER SEMICONTINUOUS TYPE 
To illustrate the ideas involved we discuss first single valued maps. The multivalued case will 
be discussed at the end of this section. We introduce the notion of an essential Pl-compact 
map. The theory derived can be viewed as a substitute to the degree theory approach in the 
literature [8-12]. Also weakly inward Pl-compact maps will be discussed in this section. 
Let E be a Banach space such that there exists a pair of sequences ({En}, {Pn}) where each En 
is a finite dimensional subspaee of E and Pn is a linear projection of E onto En such that Pn x -* x 
as n --* c~ for each x • E. The system F = ({En}, {Pn}) is then said to be projectionally 
complete. If D C E let Dn = D N En and if T : D C_ E --* E let Tn = Pn T. 
DEFINITION 3.1. T : D C_ E --* E is said to be A-proper with respect to the projectionally 
complete system F i fTn  : D ,  C_ E ,  --~ En is continuous for each n and whenever {Xm : xm • Din} 
is a bounded sequence and Tm (Xm) ~ z for some z • E, then there exists a subsequence {xmk } 
of {xm} and a x • D with xmk -* x and Tx  = z. 
DEFINITION 3.2. T : D C_ E -~ E is Pl-compact if for each A >_ 1 the map TA = T - A I is 
A-proper with respect o F. 
Now let U be an open subset of E and 0 • U. 
DEFINITION 3.3. We say F • P(U, E) if F : U -* E is a continuous, Pl-compact map with 
F(U) a bounded set in E; here U denotes the closure of U in E. 
DEFINITION 3.4. We say F • Pou(U, E) if F • P(U, E) and x ~ F(x) for x • OU; here OU 
denotes the boundary of U in E. 
DEFINITION 3.5. A map F • Pou (U, E) is essential if for every G • Pou (U, E) with G[au = F[au 
there exists x • U with x = G (x). 
THEOREM 3.1. Let E be a Banach space, F = ({En}, {Pn}) projectionally complete, U an open 
subset of E with 0 • U. Suppose F • Pau(U, E) is essential and let H : U x [0, 1] ~ E be a 
continuous map with the following properties: 
H(x, O) = F(x), for x • U, (3.1) 
x ~ lit (x), for any x • OU and t • (0, 1] (here Ht(x) = H(x, t)), (3.2) 
and 
for any continuous # : U --~ [0, 1] with #(OU) = 0, the map 
(3.3) 
Rt, : -ff ~ E defined by R~,(x) = H(x, #(x)) is in P ('U, E) . 
Then H1 has a fixed point in U. 
PROOF. Let 
S = {x e U:  x = Ht (x) for some t • [0,1]}. 
As in Theorem 2.1, B ~ 0. The continuity of H implies B is closed. In addition, B M OU = 0. 
Thus, there exists a continuous # : U --* [0, 1] with #(OU) = 0 and #(B) = 1. Define a map 
R:U~Eby 
R(z) = g (x, #(x)).  
Now R • P (U ,E)  by (3.3). Moreover, for x • OU, R(x) = Ho(x) = F(x)  ~ x and also 
R[au = Flat]. Thus, R • Pou(U,E)  and since F • Pau(U,E)  is essential there exists x • U 
with x = R(x) (i.e., x = Ht,(x)(x)). Thus, x • B so #(x) = 1. I 
We now recall the following result from the literature [11,12]. 
Essential Map Approach 93 
THEOREM 3.2. Let E be a Banach space, r = ({En}, {Pn}) projectionally complete, D a closed, 
convex subset of E with nonempty interior, and F : D --* D a continuous Pl-compact map with 
F(D)  a bounded set in D. Then J has a fixed point in D. 
We now obtain a nonlinear alternative of Leray-Schauder type for Pl-compact maps. This 
result was proved by different methods in [11,12]. 
THEOREM 3.3. Let E be a Banach space, F = ({En}, {Pn}) projectiona]ly complete, U an open 
subset of C, and 0 • U. Suppose G : "U ~ E is a continuous, Pl-compact map with G(-U) a 
bounded set in E and with 
x ¢ t G(x), for x E OU and t E (0, 1). (3.4) 
m 
Then G has a fixed point in U. 
PROOF. We assume x 7 ~ G(x) for x • OU (otherwise we are finished). Then 
x ~t t G(x) for x • OU and t E [0, 1]. (3.5) 
Let H(x,  t) = t G(x) for (x, t) • U x [0, 1] and F(x)  = 0 for x • U. We wish to apply Theorem 3.1. 
Clearly, (3.1) and (3.2) hold. Now R~(x) = #(x) G(x) and to see that (3.3) holds we must show 
that R ,  - AI  is A-proper for each A > 1. Fix A _> 1, and let {xm : Xm • Urn} be a bounded 
sequence with Pm (#(Xm) G(xm) - A Xm) ~ Z for some z • E. Without loss of generality assume 
#(Xm) --* #0 • (0, 1]. Then notice 
xm = 1_ Pm ((# (Xm) - #o) a (Xm)) 
#0 #0 
1 1 
+ - -  Pm (# (Xrr,) V (Xm) -- ,,~Xm) ~ - -  Z. 
ttO #0 
Notice A/#o _> 1 is fixed and since G is a Pl-compact map, there exists a subsequence {xm~ } and 
x • U with xmj --* x and (G(xm) - (A/#o) I)(x) = (1/#0) z. Consequently, (#o G - A I ) (x)  = z. 
In addition, since xmj --* x and/z(xm) --* IZo, we have #(x) =/~0. Thus,/~(x) G(x) - )~ I (x)  = z. 
We can do this argument for any A _> 1 and consequently, R~ is Pl-compact. Thus, (3.3) is true. 
We can apply Theorem 3.1 if we show F is essential. Let 0 • P(U, E) with x ~ 0(x) for x • aU 
and 0]au = FIov = 0. Let D = ~-5 (0(U)) and let J : D ~ D be defined by 
[ 0(x), x • U, 
J (x)  l O, xCU. 
Note 0 E int (D). It is easy to check that J E P(U, E). Now Theorem 3.2 implies that there 
exists an x • D with x = J(x).  In fact x • U so x = J (x)  = O(x). Hence, F is essential and we 
may apply Theorem 3.1 to deduce the result. I 
Next we discuss a more general class of maps, namely weakly inward Pl-compact maps. Let C 
be a closed, convex subset of E. The set 
I v  (x) = {x + A (y - x) : A > o, y e c} ,  for x e c 
is called the inward set at x. A mapping F : C --* 2 E is said to be weakly inward with respect 
to C if 
F(x)  n Iv (x )  ~t O, on C. 
We now assume E is a Banach space, C a closed convex subset of E, U0 a bounded open set 
of E, U = UoMC and 0 e U. 
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- -  m 
DEFINITION 3.6. We say F • IPc(U,  E) if F : U ~ E is a continuous, Pl-compact, weakly 
inward with respect o C (i.e., F(x) ;3 I t (x )  # 0 on -U) map with F(-U) a bounded set in E. 
DEFINITION 3.7. We say F • IPc,ou(U, E) if F • IPc(U,  E) and x # F(x)  for x • OU. 
DEFINITION 3.8. A map F • Pc,ou(-U,E) is essential if for every G • IPc,ou(-U,E) with 
GIou = FIov there exists x • U with x = G (x). 
THEOREM 3.4. Let E be a Banach space, F = ({En}, {Pn}) projectionally complete, C a closed 
convex subset o rE ,  Uo a bounded open set orE ,  U = Uo M C, and 0 • U. Suppose F • 
IPc,ou(-G,E) is essential and let H : U x [0, 1] ~ E be a continuous map with the following 
properties: 
H(x, O) = F(x), 
x # (x), 
for x • U, (3.6) 
for any x • OU and t • (0, 1] (here Ht(x) = H(x,  t)),  (3.7) 
and 
for any continuous I~ : U --* [0, 1] with/z(OU) = O, the map 
(3.8) 
n, :  U ~ E defined by Rg(x) = H(x,#(x))  is in IPc  ~,E)  . 
Then Hi has a fixed point in U. 
PROOF. Let 
S = {x • -U: x = Ht (x) for some t • [0, 1] }. 
B # 0 is closed and B n OU = @. Thus, there exists a continuous # : U ~ [0, 1] with #(OU) = 0 
and #(B)  = 1. Define a map R : U ~ E by 
R(x) = H (x, #(x)).  
Now R • IPc ,ou(U,E)  and since F • IPc ,ou(U,E)  is essential, there exists x • U with 
x = R(x). Thus, x e B so #(x) = 1. I 
We next recall the following result from the l iterature [8, p. 322]. 
THEOREM 3.5. Let E be a Banach space, F = ({En}, {P,,}) projectionally complete, D a closed, 
convex subset orE,  Pn D C D for every n, and J • IPD(D, E) (i.e., J : D ~ E is a continuous, 
P,-compact, weakly inward with respect o D map with F(D) a bounded set in D). Then J has 
a fixed point in D. 
THEOREM 3.6. Let E be a Banach space, F = ({En}, {Pn}) projectionally complete, C a closed 
convex subset of E, Pn C C_ C for every n, Uo a bounded open set of E, U = Uo n C and 
0 • U. Suppose G : U --* E is a continuous, Pl-compact, weakly inward with respect o C map 
with G(U) a bounded set in E and with 
x # t G(x), for x E OU and t E (0, 1). 
Then G has a fixed point in U. 
PROOF. We assume x # G(x) for x • OU (otherwise we are finished). Then 
(3.9) 
x # t G(x), for x e OU and t E [0, 1]. (3.10) 
- -  m 
Let H(x, t) = t a(x)  for (x, t) E U x [0, 1] and F(x) = 0 for x E U. Clearly, (3.6) and (3.7) hold. 
Now Ru(x) = #(x) G(x) and as in Theorem 3.3, R u : U --* E is a continuous, P l -compact  map 
with Ru(U) a bounded set in E.  To see that  Ru is weakly inward with respect to C, fix x E U. 
Now since 
G(z) M Iv(x)  # 0 and 0 e Iv(x) ,  
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we have 
[s #(x) + (1 - s) 0] N Ic(x)  • O, (here s = #(x)). 
Thus, (3.8) holds. We can apply Theorem 3.5 if we show F is essential. Let 8 E IPc('U, E) with 
x ~ 8(x) for x • OU and 81ou = FIou = O. Also, there exists R > 0 with 
U0 C {x • E :  ]Ix H < R} and G(U----) C {x • E :  [[x[[ < R}. 
w 
LetG=CN{x•E: I I x ] I  <R+l}and le t  J :G - -+Ebedef inedby  
f • • u, J (x) I O, x~U.  
It is easy to see that J : ~ -+ E is a continuous, Pl-compact map with J(~) a bounded set in E. 
Also, the argument in [14] shows J is weakly inward with respect o ~. Thus, J • IP~(~,  E). 
Also, notice since Pn C C C for each n that Pn ~ C_ ~ for each n. Theorem 3.5 implies that there 
exists an x • ~ with x = J(x). In fact x • U so x = J(x) = 8(x). Hence, F is essential and we 
may apply Theorem 3.4 to deduce the result. | 
The results in this section easily extend to multivalued maps. For completeness we discuss 
multivalued Pl-compact maps. We remark that multivalued Pl-compact, weakly inward with 
respect o C maps could also be discussed; we leave the details to the reader. 
Let E be a Banach space, F -- ({En}, (Pn}) projectionally complete, V an open subset of E, 
and 0 • U. 
DEFINITION 3.9. T : D C_ E --+ C(E) (here C(E) denotes the family of nonempty closed subsets 
orE)  is said to be A-proper with respect o F i fTn  : Dn C En --+ C(En) is a closed map for each n 
and whenever {xm : Xm • Din} is a bounded sequence and Ym --+ z for some Ym •Tm (xm) and 
z • E, then there ex/sts a subsequence {xrnk } of {xm} and a x • D with xmk ~ x and z • T ix). 
DEFINITION 3.10. T : D C E ~ C(E) is Pl-compact if for each A > 1 the map T~ = T - ~ I is 
A-proper with respect o F. 
DEFINITION 3.1 1. We say F • MP(U,  E) ff F : -U -+ C(E) is a closed, Pl-compact map with 
F('U) a bounded set in E. 
DEFINITION 3.12. We say F • MPov(U,E)  if F • MP(U,E)  and x ~ F(x)  for x • OU. 
DEFINITION 3.13. A map F • MPov(U,E)  is essential if for every G • MPotr(U,E)  with 
GIo v = FIou there exists x • U with x • G (x). 
THEOREM 3.7. Let E be a Banach space, F = ({En}, {Pn}) projectionally complete, U an open 
subset orE,  and 0 • U. Suppose F • MPau('U,E) is essential and let H : U x [0, 1] --+ C(E) be 
a closed map with the following properties: 
H(x,  O) = F(x),  for x • -U, (3.11) 
x ~ Ht (x), for any x • OU and t • (0, 1] (here Ht(x) = H(x,  t)) ,  
(3.12) 
and 
for any continuous # : U --* [0, 1] with #(OU) = O, the map 
R~, : U --+ C(E) defined by R~,(x) = H (x, #(x)) is in MP (U, E) . 
Then HI has a fixed point in U. 
PROOF. Let 
B = {x e -U: x • g t  (x) for some t • [0, 1]}. 
(3.13) 
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As in Theorem 2.1, B ~ 0. In addition, B is closed since H : U x [0, 1] --, C(E) is a closed map. 
Also B A OU = 0. Thus, there exists a continuous # : U --+ [0, 1] with #(OU) = 0 and #(B) = 1. 
Define a map R : U --* C(E) by 
R(x) = H (x, #(x)). 
Now R E MP(U, E) by (3.13). Moreover for x E OU, R(x) = Ho (x) = F(x) so R[ou = Flou. 
Thus, R E MPou(U, E) and since F E MPou(U, E) is essential there exists x E U with x E R(x). 
Thus, x E B so #(x) = 1. I 
REMARK 3.1. The analogue of Theorem 3.3 could easily be obtained in this case using a result 
from the literature [9]. We leave the details to the reader. 
4. WEAKLY UPPER SEMICONTINUOUS AND 
LOWER SEMICONTINUOUS TYPE MAPS 
In this section, we introduce the notion of an essential map for both weakly DKT and weakly 
closed maps. Throughout E will be a Banach space, C a convex subset of E and U a weakly 
open subset of C. Also E = (E, w) will denote the space E endowed with the weak topology. 
Now E = (E, w) is Tychonoff. 
We write F E WDKT(U w, C) (here U w denotes the weak closure of U in C) if there exists a 
map B : U --W --* C with co(B(x))  c_ F(x) for all x E U w, B(x) ~ 0 for each x E U w and the 
fibres B - l (y )  are weakly open (in U w) for each y E C. From Theorem 1.1 we immediately have 
the following result. 
THEOREM 4.1. Let E be a Banach space, C a convex subset orE and U a weakly open subset 
of C. Suppose U ---~ = (~-G, w) is paracompact and F E WDKT(U -G, C). Then there exists a 
weakly continuous selection (single valued) f : U ~ ~ C of F. 
EXAMPLE 4.1. Suppose C is a weakly compact subset of a Banach space E. Then of course 
C = (C, w) is paracompact. 
We may now use Theorem 4.1 to obtain two new fixed-point heorems. 
THEOREM 4.2. Let E be a Banach space and C a weakly compact, convex subset orE. Suppose 
F E WDKT(C,  C). Then F has a fixed point in C. 
PROOF. From Theorem 4.1 (see Example 4.1) there exists a weakly continuous election f : C --, 
C of F. Consider E with the weak topology and note in this situation f : C -+ C is continuous. 
We may apply the Schauder-Tychonoff Theorem to deduce that f has a fixed point in C. Since f 
is a selection of F, we are finished. I 
THEOREM 4.3. Let E be a Banach space and C a nonempty, closed, convex subset orE. Suppose 
F E WDKT(C,  C) is a k w-contractive (here 0 < k < 1) map with F(C) a bounded set in C. 
Then F has a fixed point in C. 
PROOF. Let 
$1 = C and Snq_ 1 = ~6 (F (Sn)), for n = 1,2 , . . . .  
It  is easy to see that Sn+l C_ Sn for n = 1,2, . . .  and 
W (Snq.1) _~ k n -1  w (F(C)), for n = 1, 2 , . . . .  
oo  Since w(Sn) --+ 0 as n --* co, we have that Mn= 2 Sn = Soo is nonempty and weakly compact. Also 
F(Sn) C_F(Sn-1)C_-Cd(F(Sn_I))=Sn, for all n, 
so F : Soo ~ Soo. It is easy to see that F E WDKT(Soo, Soo). Now Theorem 4.1 guarantees 
that F has a fixed point in Soo C C. I 
For the next few results we assume U w = (UW,w) is paracompact. 
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DEFINITION 4.1. F E WDKTM(U ~, C) if F E WDKT(U ~, C) is a k w-contractive (here 0 <_ 
k < 1) map with F(U "-~) a bounded set in C. 
DEFINITION 4.2. We say F E WDKTM0v(U ~, C) if F E WDKTM(U ~, C) with x ~ F(x)  for 
x E OU; here OU denotes the weak boundary of U in C. 
DEFINITION 4.3. We say f E WCCB(U w, C) i f f  : U ~ --* C is single valued, weakly continuous, 
k w-contractive (here 0 < k < 1) with f (U  w) a bounded set in C. 
DEFINITION 4.4. A map F E WDKTMou(U ~, C) is essential if for any weakly continuous e- 
lection f : U ~ --* C o fF  there exists xg E U with x 9 = g(xa) for every 9 ~ WCCB( b'w, C) with 
x # 9(x) for x E OU and glov = f lov.  
THEOREM 4.4. Let E be a Banach space, C a dosed convex subset orE,  U a weakly open subset 
of C, 0 e U, and U w = (U w, w) paracompact. Suppose F e WDKTMov(U "W, C) is essentia/and 
let f : U w ~ C be a weakly continuous election o fF  (guaranteed from Theorem 4.1). Assume 
h : U w x [0, 1] --. C is a weakly continuous, k w-contractive (here 0 < k < 1) map with 
h(U -'W × [0, 1]) a bounded set in C and with the following properties: 
h(x, O) = f(x) ,  
x # ht (x), 
for x E U w, (4.1) 
for any x E OU and t e (0, 1] (here ht(x) = h(x, t)), (4.2) 
and 
for any weakly continuous # : U w -* [0, 1] with #(OU) = O, the map 
(4.3) 
%, : U ~ --* C defined by r•(x) = h(x,#(x))  is in WCCB (~-W, C) .  
Then hi has a fixed point in U. 
PROOF. Let 
B = {x E -~:  x = ht (x) for some t E [0, 11}. 
As in Theorem 2.1, B # 0. The weak continuity of h implies B is weakly closed. Moreover, 
since h is a k w-contractive map we have that B is weakly compact. Also notice (4.2) implies 
B n OU = 0. Consider C = (C, w), the space C endowed with the weak topology. Now C is 
Tychonoff with B compact and OU closed. Thus, there exists a continuous # : U w --* [0, 1] with 
#(0U) = 0 and #(S) = 1. 
Returning to the strong topology situation we note that # : U w --* [0,1] is weakly continuous. 
Define a map r : U ~ ~ C by 
r(x) = h (x, #(x)).  
Now r e WCCB(U --~, C) by (4.3). Also for x E OU, r(x) = ho (x) = f (x)  # x and rlou = f lov.  
Now since F E WDKTMov(U w, C) is essential there exists x e U with x = r(x). Thus, x e B 
and/~(x) = 1. I 
To prove our next result we need the following analogue of Theorem 4.3. 
THEOREM 4.5. Let E be a BREach space and D a nonempty, closed, convex subset orE. Suppose 
J ~ WCCB(D, D) (i.e., J : D --* D is single valued, weakly continuous, k w-contractive (here 
0 < k < 1) with J (D) a bounded set in E). Then J has a fixed point in D. 
PROOF. Let $1 = D and Sn+l = "if6 (J(Sn)) for n = 1, 2, . . . .  As in Theorem 4.3, S¢¢ = f'ln=2°¢ Sn 
is nonempty and weakly compact and J : So¢ --* Soo is weakly continuous. Consider E = (E, w) 
and apply the Schauder Tychonoff Theorem. 1 
THEOREM 4.6. Let E be a BREach space, C a closed convex subset orE,  U a weakly open subset 
of C, 0 E U and U w = (Uw,w) paracompact. Suppose G E WDKTM(Uw,C)  with 
x q~ t G(x), for x e OU and t E (0, 1). (4.4) 
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Then G has a fixed point in U w. 
PROOF. We assume x ~ G(x) for x • OU (otherwise, we are finished) so 
x q~ t G(x), for x E OU and t E [0, 1]. (4.5) 
Let g : U w --* C be a weakly continuous election of G, guaranteed from Theorem 4.1. Let 
h(x,t)  = tg(x)  for (x,t) • U --~ x [0, 1] and F(x) = {0} for x e V w (note f (x)  = 0 for x • Uw). 
We wish to apply Theorem 4.4. Clearly, (4.1) and (4.2) hold. In addition, it is easy to check 
since g is a k w-contractive map and g(U w) is a bounded set in C that h : U w x [0, 1] --4 C 
is a weakly continuous, k w-contractive map with h(U ~ x [0, 1]) a bounded set in C (we need 
only note that h(f~ x [0, 1]) C_ co (g(f~) U {0}) for any ~ C_ U-~). Also note r~(x) = #(x) g(x) so 
r~(f~) C_ co (g(f~) U {0}) for any f~ C U. Thus, (4.3) holds. We can now apply Theorem 4.4 if we 
show F is essential. Let 0 E WCCB(U w, C) with x ~ 0(x) for x • OU and O[ov = f[ov = O. Let 
D = ~-6 (0(Uw)) and let J : D ~ D be defined by 
[ O(z), x • 
J(x) 
O, x¢  U 
It is easy to see that J • WCCB(D, D). Theorem 4.5 implies that there exists x • D with 
x = J(x). In fact x • U so x = J(x) = 8(x). Hence, F is essential and we may apply 
Theorem 4.4 to deduce the result. I 
We now discuss weakly upper semicontinuous type maps. In [15] we proved the following result. 
THEOREM 4.7. Let Q be a nonempty, closed, convex subset of a Banach space E. Assume 
F : Q --, WC(Q) (here WC(Q) denotes the family ofnonempty closed convex subsets of Q) has 
weakly sequentially closed graph and also F is k w-contractive (here 0 _< k < 1) with F(Q) a 
bounded set in E. Then F has a fixed point in Q. 
For the remainder of this section E will be a Banach space, C will be a closed convex subset 
of E, and U will be a weakly open subset of C. 
DEFINITION 4.5. We say F • WM(U'~,C) if F : U w --* WC(C) has weakly closed graph and is 
a k w-contractive (here 0 _< k < 1) map with F(U -'~) a bounded set in C. 
REMARK 4.1. If U w is compact and F : U ~ --* WK(C) (here WK(C) denotes the family of 
nonempty convex weakly compact subsets of C) has weakly sequentially closed graph then [15] 
F : U w --* WK(C) is a weakly closed map. 
DEFINITION 4.6. We say F • WMov(Uw, C) if F • WM(Uw,C) with x q~ F(x)  for x • OU. 
DEFINITION 4.7. A map F • WMov(Uw, C) is essential if  for every G • WMov(U-W,C) with 
G[ou = F[ou there exists x • U with x • G(x). 
THEOREM 4.8. Let E be a Banach space, C a dosed convex subset orE, U a weakly open subset 
of C, and 0 • U. Suppose F • WMou(U -'~, C) is essential and assume H : ~ x [0, 1] --* WC(C) 
is a weakly dosed, k w-contractive (here 0 < k < 1) map with H(U -~ x [0, 1]) a bounded set in C 
and with the following properties: 
H(x, O) = F(x), 
z ¢ H, (z), 
for x • U w, (4.6) 
for any x • OU and t • (0, 1] (here Ht(x) = H(x,  t)), (4.7) 
and 
for any weakly continuous # : U ~ --~ [0, 1] with  #(OU)  = O, the map 
Ra : U ~ -~ WC(C) defined by Ra(x) = H(x, #(x)) is in WM(U -~, C). 
(4.8) 
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Then HI has a fixed point in U. 
PROOF. Let 
B = {x • U~: x • Ht (z) for some t • [0,1]}. 
Now B # 0 is weakly closed since H : U w x [0, 1] --* WC(C) is a weakly closed map. Moreover, 
B is weakly compact since H is a k w-contractive map. Also B f30U = 0. Consider C = (C, w). 
Since C is Tychonoff there exists a continuous It : U ~ --* [0,1] with It(0U) = 0 and It(B) = 1. 
Returning to the strong topology situation we note that It : U w --* [0, 1] is weakly continuous. 
Define a map R : U ~ --* WC(C) by 
R(x) = H (x, It(x)). 
Now R • WM(U -W, C) with Rlov = Flov. Since F • WMau(U -~, C) is essential there exists 
x • U with x • R(x). Thus, x • B and it(x) = 1. | 
We now use Theorems 4.7 and 4.8 to obtain a nonlinear alternative of Leray-Schander type for 
weakly closed maps. 
THEOREM 4.9. Let E be a Banach space, C a closed convex subset orE, U a weakly open subset 
of C and 0 • U. Suppose G • WM(U"~,C) with 
x q~ t(G(x), for x • OU and t • (0,1). 
Then G has a fixed point in U ~. 
PROOF. We assume x ¢ G(x) for x • OU (otherwise we are finished) so 
(4.9) 
x ¢ t G(x), for x • OU and t • [0, 1]. (4.10) 
Let H(x , t )  = tG(x)  for (x,t) • U ~ × [0,1] andF(x )  = {0} for x • U w. We wish to apply 
Theorem 4.8. Clearly, (4.6)-(4.8) hold and it is easy to check that H : U w × [0, 1] --* CW(C) is a 
weakly closed, k w-contractive map with H(U --6- × [0, 1]) a bounded set in C (note H( f /x  [0, 1]) C_ 
co (G(f/)u{0}) for any i2 C ~-W). We now show F is essential. Let 0 • WM(U -W, C) with x ~ O(x) 
for x • OU and O[ov = F[ov = {0}. Let D = "d'6(o(uw)) and let J : D --+ WC(D) be defined by 
fO(z), z•U w, 
J (x) 
{0}, xCvw. 
Now J E WM(D, D) and Theorem 4.7 implies that there exists x E D with x E J(x). In fact 
x E U so x E J(x) = O(x). Hence, F is essential and we may apply Theorem 4.8 to deduce the 
result. | 
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